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Abstract

The purpose of the investigation was to ascertain what mathematical problem solving is in the primary and secondary mathematics classroom. Participants (N=20) were primarily university professors with expertise in (mathematical) problem solving who provided qualitative data in the first round. Subsequently these data were turned into Likert Items in rounds two and three as per protocol in the Delphi Method. Findings are germane to mathematics educators as they facilitate the implementation of problem solving in their classroom and/or research. Implications are that the characteristics and processes may be used to identify true problem solving in schools and this data may lead to increased direction for curricula and instructional decisions as well as future research in mathematical problem solving. 

The conceptual definition of problem solving in the mathematics classroom has become rather convoluted for several reasons. Perhaps the most significant reason is because no formal conceptual definition has ever been agreed upon by experts in the field of mathematics education. To compound the problem, mathematical problem solving is a construct. In an attempt to ameliorate the problem, many experts have offered their own definition(s) of mathematical problem solving. In reality, myriad definitions have only served to further obfuscate matters. Though there is some overlap in most definitions, there is rarely an agreed upon definition of mathematical problem solving and reaching consensus on a conceptual definition would provide direction to subsequent research and curricular decisions. To achieve this objective, experts were asked to list components of mathematical problem solving and subsequently they were asked to respond to those components. 

Individuals have commented that the creation of a definition of mathematical problem solving is elusive (Mamona-Downs & Downs, 2005). Others have argued that some definitions of mathematical problem solving may be outdated (Lesh, 2003; Lesh, Hamilton, & Kaput, 2006; Lesh, Zawojewski, & Carmona, 2003; Rosenstein, 2006). Given innumerable definitions already in use, Grugnetti and Jaquuet (2005) suggest that a common definition of mathematical problem solving cannot be provided. 


The lack of a conceptual definition has propagated numerous problems. For instance, teachers who seek to employ mathematical problem solving as a vehicle to teach mathematics have a difficult time evaluating which curricula incorporate mathematical problem solving given countless definitions. In addition, to engage in research dealing with mathematical problem solving, a definition is necessary. If no consensus on a definition exists, then there is not agreement as to whether or not the research involved authentic mathematical problem solving or some other form of a mathematical task. Though reaching one common definition may be problematic, a research protocol, known as the Delphi Method, exists to bring a field to consensus (Sprenkle & Piercy, 2005). Consequently, this research was undertaken using the Delphi Method to come to consensus as to what mathematical problem solving in primary and secondary school is. 

The Delphi Method 

There appears to be some disagreement regarding the exact year in which the Delphi Method was created. According to Garavalia and Gredler (2004), the research protocol was created in the 1950s by the Rand Corporation. In 1964, Gordon and Hemler had the first seminal publication that implemented the Delphi Method. At the time, the Delphi Method was created as a tool that would enable researchers to predict future events. In this instance, Gordon and Hemler used the method to predict scientific and technological advancements. The ability to forecast was accomplished by bringing together a group of experts in an attempt to harness their vision for the future. By the late 1960s and early 1970s, the Delphi Method had been adopted by researchers in many academic disciplines for the purpose of bringing a field to consensus. Since the initial Delphi Study, thousands have been conducted on areas as diverse as family and consumer sciences, medicine and pharmaceutics, religion, space exploration, et cetera. However, it does not appear as though the research protocol has been utlised in mathematics education. 

There are multiple variations of the Delphi Method and several components are consistent from study to study. For instance, a panel of experts is always identified to begin a study. Three rounds of the survey are administered with the first being an open-ended prompt to elicit feedback from experts. This prompt may be delivered by mail, electronically, or by phone. For the following two rounds the qualitative data is analysed and changed into quantitative items such as Likert items. After round two, all experts have the opportunity to see other experts’ anonymous data and respond to it. The specific protocol followed for this section is outlined in the methods section. 
Components and understandings of mathematical problem solving in schools

A comprehensive list of definitions for, or explanations of, mathematical problem solving is well beyond the scope of this journal article. Hence, definitions, or perhaps conceptions is a more apropos term, that appear commonly in the literature have been presented. One term that is often associated with mathematical problem solving is novelty. Historically, this notion was first put forth in 1925 (Kohler, 1925). However, Polya is often credited with the use of novelty as a component of his definition. For example, Polya (1945 & 1962) described mathematical problem solving as finding a way around a difficulty, around an obstacle, and finding a solution to a problem that is unknown. Others (NCTM, 2000; Schoenfeld, 1985) have endorsed novelty as a requisite component of mathematical problem solving. Schoenfeld (1992) uses the term non-routine in lieu of novel. As a counter-example to novelty, a series of problems on a worksheet that require the learner to implement the same process repeatedly would not be considered mathematical problem solving. Rather, it might be considered a mathematical exercise due to its routine nature. 
Some (Lester & Kehle, 2003) suggest that reasoning and/or higher order thinking must occur during mathematical problem solving. The existence of mathematical reasoning suggests that automaticity (Resnick & Ford, 1981) is absent. Hence, a pre-learnt algorithm cannot simply be implemented for successful solution. It is important to note that an algorithm may be used to solve some part of a mathematical problem solving task. However, if the algorithm is the only mathematical process executed, then authentic mathematical problem solving is believed to be absent. 

Hiebert, Carpenter, Fennema, Fuson, Wearne, Murray, Olivier, and Human (1997) suggest that problem solving inherently has some form of conceptual understanding involved. Specifically, Hiebert et al., state that tasks that promote understanding, “are ones for which students have no memorised rules, nor for which they perceive there is one right solution method. Rather, the tasks are viewed as opportunities to explore mathematics and come up with reasonable methods for solution (p. 8).” Furthermore, Hiebert et al. suggests that a mathematical problem solving task must be problematic for a student to be viewed as legitimate mathematical problem solving.  
More recently, Francisco and Maher (2005) suggest that modeling and some form of interpretation must be existent for actual or authentic mathematical problem solving to occur. They propose that some form of reasoning must take place which ultimately promotes meaningful learning. More specifically, Francisco and Maher state,  
Our perspective of problem solving recognizes the power of children’s 
construction of their own personal knowledge under research conditions that emphasise minimal interventions in the students’ mathematical activity and an invitation to students to explore patterns, make conjectures, test hypotheses, reflect on extensions and applications of learnt concepts, explain, and justify their reasoning and work collaboratively. Such a view regards mathematical learning and reasoning as integral parts of the process of problem solving (p. 362).  

Similar to Francisco and Maher’s perspective on problem solving, some have argued that for authentic problem solving to occur, multiple iterations of the problem must be attempted for a successful solution (Duncker, 1945; Lesh et al., 2000; Lesh & Zawojewski, 2007). Lesh et al. state that the multiple iterations are a by-product of engaging students in the creation of mathematical models. They view problem solving through what they call a models and modeling perspective. The existence of multiple iterations is likely an indicator of the complexity of the problem solving task and it may suggest that an automatic response is insufficient. For instance, with a task that is mundane, a learner may likely execute a simple, pre-learnt routine. However, with a complex task, it is unlikely that a learner will be able to recognise a successful solution on the first attempt. Therefore, multiple attempts are often requisite in the problem solving process for the learner to achieve success. Similarly, there may be several plausible solutions available to the learner (Weber, 2005). Hence, mathematical problem solving may require a longer period of time for success than a simple mathematical exercise will. 
Representation is oft-cited as a requisite component of mathematical problem solving (Maher, 2002). Often, representation is referenced because learners need to collapse substantial bits of information into compact bits of information in order to process several pieces of data. As an example, a learner may be required to analyse a lengthy set of data to successfully solve a task. Rather than looking at the data each time a new solution is proposed, it may be more simplistic, and therefore more efficient, to look at one or more measures of central tendency, a representation of the data, than to re-visit and potentially re-calculate the data each time a decision needs to be made. 
In addition, for tasks to be considered mathematical problem solving, they must be developmentally appropriate for students (Lesh & Zawojewski, 2007; Piaget & Inhelder, 1975). A challenging problem solving task for a first grader may only be a routine word problem for a fifth grader. At the essence of this notion is whether or not the task is problematic (Hiebert, et al., 1997). For instance, an ostensibly easy mathematical operation may be problematic for a first grader because the child may not have a strong conceptual grasp of mathematical operations or number sense. To the contrary, a typical fifth grader may find the execution of this operation to be facile. Therefore, the mathematical task is akin to a mundane mathematical exercise, such as a word problem for the fifth grader, while it is simultaneously a problem solving task for the first grader. 
Lesh and Zawojewski (2007) further advocate that most definitions of mathematical problem solving are confined to the utilisation of problem solving in a school context. They call for a more pragmatic, real-life or authentic version of a definition that is consistent with concept development. As a starting point, they suggest that, “A task, or goal-directed activity, becomes a problem (or problematic) when the problem-solver, which may be a collaborating group of specialists, needs to develop a more productive way of thinking about the given situation” (Lesh & Zawojewski, 2007, p. 31). Along these lines, the word ‘authentic’ has been used in this discussion and it is often used in relation to mathematical problem solving. The word authentic alludes to a certain hierarchy in which other, somehow less significant tasks, are not as authentic as those being discussed. As with mathematical problem solving, the word authentic has grown to accumulate myriad definitions. Authentic has been described (Lester & Kehle, 2003) as moving away from low level, routine tasks and engaging in those that more closely mimic real-life situations. After all, authentic does mean real or genuine. As an example, having students calculate the number of provisions necessary to take on a pioneer trip is not a responsibility in which students will ever engage. However, having students create equitable teams for a sports competition, such as athletics, is something that may in fact occur during the regular school day. 
These conceptions are but a few of the understandings of mathematical problem solving that currently exist. To capture opinions of experts, the Delphi Study approach was utilised. 
Methods
Participants
 
“Panel selection is the most critical element in the Delphi Method”, according to Fish and Busby (2005, p. 242).” In fact, Dalkey (1969) deemed panelists’ knowledge the most important assurance of ‘high-quality’ findings in a Delphi study. Hence, the list of participants in a Delphi study is selected as a purposive sample because identifying a random list of participants would not insure the maximisation of expertise. 
All contact with participants and data were collected electronically through the use of three websites (one for each round of data collection). Initially, the study had 22 participants who volunteered to complete the online survey. One male participant dropped in round one and another male participant dropped in round two of data collection each citing excessive time that the study requires. The ultimate group, comprised of 11 men and nine women, hail from Canada, Israel, and the United States of America. Participants from other countries were solicited, but could not find time for the study during its implementation. 

Three items were posed to participants to gather demographic data. 
· Item 1: “Select the number of publications that most accurately describes your scholarly accomplishments including books, book chapters, journal articles, and conference proceedings.” 
· Item 2: “Select any and all titles that you have attained.” 
· Item 3: “In the box provided, please feel free to list any other accomplishments of yours that may constitute expertise in your field (e.g. editor of a journal, head of a national organization or project, etc).” 
Demographic items were posed on rounds one and two of the survey, but not on round three. For item one, participants could only select one option and for item two, participants could select multiple options so the data for item two reflects more participants than actually participated in the study. 

For item one, the group was comprised of five individuals with 0-50 publications, six individuals with 51-100, five individuals with 101-200, one with 201-300, and one participant with 300 or more publications in mathematics education. Participants were specifically sought who had concentrated on mathematical problem solving in mathematics classrooms, as one of their primary areas of research. For item two, eight participants had attained associate professor status, 12 had attained full professor status, four had attained distinguished professor status, four had attained professor emeritus status, and the other category was comprised of one regent professor and a centre director for a mathematics curriculum research and design corporation. 


The final demographic item was designed to investigate other accomplishments in an attempt to further establish their credibility. Some titles are current and some are former, and they have not been identified to protect anonymity of participants. The group was comprised of current or former presidents and vice-presidents of international and national mathematics education organizations such as the International Group for the Psychology of Mathematics Education (IGPME), the International Body of Mathematics Education Researchers, the National Council of Teachers of Mathematics (NCTM), the Association of Mathematics Teacher Educators (AMTE), and the Mathematical Association of America (MAA). As well, several NCTM Board of Directors, a national superintendent of mathematics education, and a former National Science Foundation (NSF) Presidential Young Investigator were participants. Several editors and associate editors of major international journals such as the Journal for Research in Mathematics Education, the Journal of Mathematics Education Leadership, the Journal of Mathematics Teacher Education, Research in College Mathematics Education, and Cognitive Science were participants. Though not all participants reported their grant activity, reported grants totaled more than 50 million to study various facets of mathematics education. 

Procedures

The Delphi Method has several variations and each typically consists of three rounds of surveys (Fish & Busby, 2005). In this study, participants were asked to respond to one open-ended prompt in the first round. In the second round, the data from the open-ended prompts was converted into Likert scaled items for ease of response. At the conclusion of round two, those items on which consensus were not reached were sent to individuals for a third round. For round three, participants were provided with a data sheet from round two and the opportunity to respond to any items removed from round two (i.e. those on which consensus was reached). Participants did not complete a fourth round of the survey as any consensus was likely to occur by round three. Moreover, greater validity is not likely to be established through a fourth or fifth round of administering the survey (Linstone & Turoff, 1975). 
Instrumentation and Items 

For this study in round one, participants were asked to respond to the open-ended prompt, relative to grades K-12 (elementary and secondary school), “What is your definition of mathematical problem solving?” The qualitative data were subsequently analysed and converted into Likert items with responses on which participants would respond with Always (4), Sometimes (3), Rarely (2), or Never (1). In some instances, a piece of data was multifaceted so it was made into multiple Likert items thus giving participants the option to respond to several items separately rather than be forced to respond one way to an item that contained multiple components. Splitting multifaceted items helped avoid instances in which participants agreed with one part of the item and disagreed with another part of the item, but only had one response available. In most instances, the responses were copied directly into Likert items in an attempt to maintain the integrity of the responses. As an example, in round one, a participant described mathematical problem solving as, “seeking a solution to a mathematical situation for which they have no immediately accessible/obvious process or method.” Since this piece of data was comprised of one component, it was not altered as a Likert item as can be seen in table 1. 

For efficiency, when multiple participants responded with extremely similar prompts, these data were collapsed whenever possible. The instances in which they were not collapsed were ones in which the author felt that vital data would be lost or instances in which the data were disparate enough to merit two Likert items. In one instance a participant described mathematical problem solving as, “working to find an answer to a problem for which he or she does not have ready access to a path solution” Similarly, another participant described mathematical problem solving as “solving a problem for which the solver has no solution strategy in advance” Since these two open-ended responses were similar, they were collapsed to create the Likert item, “seek a solution to a mathematical situation for which they have no immediately accessible/obvious process or method”. In no instances were any responses neglected from round one. 

For rounds two and three, participants were told that terms used to comprise the Likert scales always, sometimes, rarely, or never should be used to represent the frequency in a task. For instance, always should be used to indicate that the process or characteristic is in every problem solving task; not to indicate that the process (e.g. metacognition) or characteristic (novelty) occurs all of the time in each task. Participants were told that the other descriptors, i.e. sometimes, rarely, and never, were to be applied in the same way. 


The first section of rounds two and three, mathematical problem solving as a process, entailed 22 items. The second section of rounds two and three, mathematical problem solving as characteristics, entailed 16 items. The response rate for round one, qualitative data was 59.1 percent, the response rate for round two was 
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 percent, and the response rate for round three was 80.0 percent. Response rates rising throughout a study may be a bit of an anomaly, but the increased response rate may be a result of perpetual electronic reminders of the survey status. 

An objective of the Delphi Method is to reach consensus in order to move a field forward (Linstone & Turoff, 1975). Whether or not consensus is reached is determined by subtracting the first quartile from the third quartile and dividing that number by two. This number is termed the interquartile deviation (IQD). Any number less than one-tenth of the scale, in this case < 0.4, is deemed consensus (Faherty, 1979) because the data are grouped so closely together. Those data over one-tenth of the scale, in this case > 0.4 are not deemed consensus. In addition to the IQD, a grouped median is calculated for each item. The grouped median, which in this case could range from 1.0 to 4.0, indicates the level of agreement from weak to strong. As an example, it is possible to reach consensus at the 1.0 level (Never) or the 4.0 level (Always). Conversely, it is possible to not reach consensus at all no matter what the level. It is important to note that given the sophistication of the formula to calculate grouped medians, very precise grouped medians can be attained and these numbers often contain decimals (as opposed to medians which are typically integers). The IQD indicates whether consensus was reached and the grouped median indicates the level of agreement. 
Results

One may ask, “What’s the purpose of gathering a group of experts in an attempt to gain a clearer conception of mathematical problem solving?” The purpose in gathering this data is twofold. First, for decades mathematics educators across the world have endorsed the use of mathematical problem solving as a vehicle to promote increased understanding in mathematics (Becker & Miwa, 1986; Brenner, Herman, Ho, & Zimmer, 1999; Cai & Lester, 2005; Cifarelli & Cai, 2005; Mamona-Downs & Downs, 2005). However, with countless articles regarding the conception of what constitutes mathematical problem solving, teachers and instructors may have a nebulous understanding of whether or not curricula used in classrooms actually encompasses mathematical problem solving. Therefore, this investigation took place to clarify the meaning of mathematical problem solving in schools to provide direction for the field of mathematics education. An ancillary objective in undertaking this research was to ascertain a clear conception of school mathematical problem solving in order to pursue additional research. As an example, with increasing emphases on mathematics throughout the world, being able to assess student affect during mathematical problem solving has grown in importance. To assess student affect during mathematical problem solving, it is requisite to have a common understanding of what constitutes mathematical problem solving in order to implement genuine mathematical problem solving tasks  during the assessment phase. 
The data are presented in tables one and two. Table one lists results from the study indicating that participants viewed mathematical problem solving as an active process. Table two lists results indicating that participants viewed mathematical problem solving as comprised of a list of characteristics. The discussion of each piece of data is beyond the scope of this article. Hence, only conspicuous data are discussed. In the tables, the left hand column is comprised of qualitative responses from round one. In instances in which agreement was reached on round two, data is absent from the round three columns. Specific data points are discussed in an attempt to explicate the construct of mathematical problem solving. It is important to note in Delphi studies that consensus items are not the only items worthy of discussion. In instances, the items on which the group did not reach consensus can be as interesting as those on which agreement is reached and this is typically the case because they are contrary to existing literature and theory. It is further imperative to note that when looking at the data, two pieces of data should be analysed along with each item. The first piece of data is the interquartile deviation (IQD) and the second piece is the grouped median. In this case, if the IQD is greater than .4, then consensus was not reached by the group of experts. The second piece of data is the grouped median. This piece of data shows the level of agreement of the group using a one to four Likert Scale. As the data are discussed, it is also interesting to refer to the chart to see the round in which agreement was reached. It may be true that consensus is more powerful in round two than in round three. 

The results section has been divided into two parts: mathematical problem solving as a process and mathematical problem solving as characteristics. For each piece of data, the category title is listed followed in parenthesis by the grouped median, a comma, and the IQD. 
Mathematical Problem Solving as a Process

Perhaps the most obvious piece of data in mathematical problem solving as a process is that cognition was rated as always taking place (4.00, 0). Seeking a solution to a mathematical situation for which they (students) have no immediately accessible/obvious process or method (3.78, .25) and seeking a goal (3.75, 0) was also rated high by the group of experts. Interestingly though, the agreement for goal setting was reached in round three (actually round two of the Likert Ratings). Experts rated other important processes as mathematising a situation to solve it (3.24, .25), defining a mathematical goal or situation (3.13, .25), and creating assumptions and considering those assumptions in relation to the final solution (3.06, 0). It was not surprising that engaging in iterative cycles (2.94, 0) and creating mathematical models (2.83, 0) reached consensus, but it was somewhat surprising that the grouped median was as low as it was given their significance in literature. 
Table 1: Mathematical Problem Solving as a Process
	STEM: For problem solvers to successfully complete a problem solving task, they must
	Grouped Median Round  2
	Interquartile Deviation Round 2
	Consensus Reached?
	Grouped Median Round 3
	Interquartile Deviation Round 3
	Consensus Reached?

	a. engage in cognition
	4.00
	0
	YES 
	
	
	

	b. engage in metacognition
	3.24
	0.5
	NO
	3.33
	0.5
	NO

	c. seek a solution to a mathematical situation for which they have no immediately accessible/obvious process or method
	3.78
	0.25
	YES 
	
	
	

	d. self-monitor
	3.41
	0.5
	NO
	3.5
	0.5
	NO

	e. plan a solution
	3.29
	0.5
	NO
	3.36
	0.5
	NO

	f. communicate ideas to peers
	2.73
	0.25
	YES 
	
	
	

	g. engage in iterative cycles
	2.94
	0
	YES 
	
	
	

	h. create a written record of their thinking
	2.88
	0
	YES 
	
	
	

	i. seek multiple solutions
	2.71
	0.5
	NO
	2.63
	0.5
	NO

	j. create a solution through adapting or revising current knowledge
	3.5
	0.5
	NO
	3.6
	0.5
	NO

	k. seek a more efficient way to solve a problem than they currently have
	2.65
	0.5
	NO
	2.7
	0.5
	NO

	l. mathematise a situation to solve it
	3.24
	0.25
	YES 
	
	
	

	m. create assumptions and consider those assumptions in relation to the final solution
	3.06
	0
	YES 
	
	
	

	n. revise current knowledge to solve a problem
	3
	0
	YES 
	
	
	

	o. be challenged
	3.44
	0.5
	NO
	3.56
	0.5
	NO

	p. create new techniques to solve a problem
	2.78
	0.25
	YES 
	
	
	

	q. NOT implement a pre-learnt or standard algorithm to solve it
	3.2
	0.5
	NO
	3.3
	0.5
	NO

	r. analyse relevant data and processes to identify a potential solution(s)
	3.39
	0.5
	NO
	3.67
	0.5
	NO

	s. create mathematical models
	2.83
	0
	YES 
	
	
	

	t. define a mathematical goal or situation
	3.13
	0.25
	YES 
	
	
	

	u. seek a goal
	3.47
	0.5
	NO
	3.75
	0
	YES

	v. engage in higher level thinking such as analysis, synthesis, evaluation which may result in abstraction or generalization
	3.28
	0.5
	NO
	3.69
	0.5
	NO


Another potentially obvious piece of data was that engaging in metacognition did not reach consensus in round one or two with interquartile deviation’s of .5 in both rounds. Furthermore, the process of self-monitoring did not reach consensus on either round. This may come as a surprise to some given the impact of emotions, attitudes, and dispositions relative to student success during mathematical problem solving (McLeod, 1989). Finally, the fact that students should be challenged was not listed as a process in mathematical problem solving as per the experts’ opinions.  
Mathematical Problem Solving as Characteristics


Data from mathematical problem solving as characteristics can be seen in table 2. Mathematical characteristics were defined as some component of the problem that may or may not help a student engage in a process. Regarding characteristics of mathematical problem solving tasks, experts agreed that problem solving tasks do not lend themselves to automatic responses (3.90, 0), they can be solved with more than one approach (3.18, 0), they promote flexibility in thinking (3.18, .25), they can be used to assess level of understanding (3.06, 0), and they can be solved with more than one tool (3.00, 0). Experts were in complete agreement that problem solving activities have realistic contexts, but they agreed on this at a moderate level (2.89, 0). 

Table 2
Mathematical Problem Solving as Characteristics

	STEM: Problem solving activities 
	Grouped Median Round  2
	Interquartile Deviation Round 2
	Consensus Reached?
	Grouped Median Round 3
	Interquartile Deviation Round 3
	Consensus Reached?

	a. have realistic contexts
	2.89
	0
	YES
	
	
	

	b. require the use of logic
	3.53
	0.5
	NO
	3.38
	0.5
	NO

	c. are developmentally appropriate (e.g. what may be a task for one problem solver may not be for another problem solver)
	3.5
	0.5
	NO
	3.6
	0.5
	NO

	d. can be solved with more than one tool
	3
	0
	YES
	
	
	

	e. can be solved with more than one approach
	3.18
	0
	YES
	
	
	

	f. are novel situations to solvers
	3.53
	0.5
	NO
	3.53
	0.5
	NO

	g. can be used to assess level of understanding
	3.06
	0
	YES
	
	
	

	h. require the implementation of multiple algorithms for a successful solution
	2.94
	0
	YES
	
	
	

	i. DO NOT lend themselves to automatic responses 
	3.65
	0.5
	NO
	3.9
	0
	YES

	j. promote flexibility in thinking
	3.18
	0.25
	YES
	
	
	

	k. require the use of multiple steps for a successful solution
	3.28
	0.5
	NO
	3.25
	0.5
	NO

	l. may be purely contrived mathematical problems
	2.94
	0
	YES
	
	
	

	m. can be puzzles
	2.94
	0
	YES
	
	
	

	n. can be games of logic
	2.94
	0
	YES
	
	
	

	o. involve the consideration of mathematical constructs
	3.33
	0.5
	NO
	3.6
	0.5
	NO

	p. involve non-routine, open-ended, or unique situations
	3.29
	0.5
	NO
	3.56
	0.5
	NO


Items are reported in the order in which they were presented in the survey. 


With respect to problem solving characteristics, there were several items on which the group did not reach consensus. For instance, the group did not agree that mathematical problem solving tasks are novel situations to solvers (3.53, .5) although the grouped median was 3.53 in each round of data collection. Some other pieces of data on which the group did not reach consensus were that problem solving tasks must be developmentally appropriate (3.50, .5 round two, 3.60, .5 round three), and involve non-routine, open-ended, or unique situations (3.29, .5 round two, 3.56, .5 round three). Though these all have relatively high grouped medians, experts did not reach agreement due to an IQD of .5. 
Discussion


From this data, three implications may be garnered about mathematical problem solving in the primary and secondary mathematics classroom. The first implication is that several processes may serve as indicators as to whether or not mathematical problem solving is taking place, but it is problematic to only view one process as an indication of mathematical problem solving. For instance, experts agreed that cognition was always evident (4.0, 0) in problem solving tasks. Moreover, they agreed that students will most likely seek a goal as they complete mathematical problem solving tasks. Though both of these are not directly observable behaviours, they are processes that may be investigated through assessment. Some observable traits, however, are listed as processes. For instance, engaging in iterative cycles and creating mathematical models can easily be observed assuming the demands of the academic task specify that students’ process is documented. This is the case with model-eliciting activities (Lesh, et al., 2000). As students complete model-eliciting activities, it is demanded that they document the processes used, so iterative cycles may be observed, and subsequently the cycles are versions of mathematical models. Hence, some processes inherent in mathematical problem solving are directly observable and others are not as overt. 

A second implication is that teachers and curriculum coordinators may use the list of characteristics to identify whether or not prospective or current curricula are genuinely comprised of mathematical problem solving tasks. As an example, overt indicators in written tasks can be identified such as tasks have realistic contexts. Though teachers may not have a metric per se to identify whether or not a task or context is realistic, they will have intuition from being acquainted with students. Other observable characteristics are that problem solving tasks do not lend themselves to automatic responses which might be assessed by how long a task requires for completion. Moreover, experts agreed that being able to be solved with more than one tool or approach is emblematic of mathematical problem solving tasks. Hence, through the use of this data individuals, such as teachers or researchers, interested in ascertaining whether or not tasks are genuinely mathematical problem solving can gain a picture prior to implementing the task. Given the first list, educators may only observe processes during the solving of a task to see if mathematical problem solving occurred. However, with the second list, the characteristic list, educators may have a greater likelihood of identifying whether or not a task is authentic mathematical problem solving prior to implementing it in the classroom. Specifically, educators may be able to create an informed guess as to whether or not mathematical problem solving will occur based on what’s taken place in the classroom relative to curriculum and instruction. 

A concluding implication from the data is that researchers may have greater purpose regarding true mathematical problem solving given some indicators. It is hoped that the use of this data will enable researchers the opportunity to more accurately interpret their data and conclusions based on a tighter conception of mathematical problem solving. Rather than referring to mathematical problem solving as an ill-defined concept, researchers now have a more concrete conception regarding what constitutes mathematical problem solving in the mathematics classroom. Consequently, authentic mathematical problem solving processes and characteristics may be evident in the mathematics classroom. 
Limitations 

 
A caveat of the findings is that no group consensus exists on some very significant components of mathematical problems solving. This phenomenon is simply inexplicable. As an example, metacognition and self-monitoring were absent from the list of consensus items. This data is contrary to what many experts, the author notwithstanding, believe and each finding is contrary to what some of the most seminal writings in mathematics education suggests (Garofalo & Lester, 1985; McLeod & Adams, 1989; Schoenfeld, 1992). Despite the fact that metacognition and self-monitoring were absent from the list of agreed upon characteristics, they remain significant components to mathematical problem solving as aforementioned literature indicates. It is difficult to accept the fact that problem solvers engage in mathematical problem solving with only limited consideration of what is taking place cognitively or affectively.  


One of the potential negatives of the Delphi method is that the opinions of experts are in fact just that, opinions. The findings are not based on a true experimental design because the sample is a purposive one. In fact, experts could not be selected randomly as this would compromise the expertise of the field and in turn provide a field of participants with lower expertise than those purposefully selected to complete the data collection process. Moreover, a large field of applicants is typically not used in a Delphi Study due to the mixed nature (qualitative and quantitative data) of the protocol. Nevertheless, the data do represent the opinions of some of the foremost experts in the field of mathematics education today. Consequently, the findings likely hold merit amongst mathematics educators for the early part of the 21st century. 

Areas for future research 

Perhaps the most significant value of this study is identifying means in which this data may be used to direct future research. As stated at the outset of this study, consensus has never been reached regarding what constitutes mathematical problem solving in the mathematics classroom. This data has the potential to help teachers and to help direct future research by having a more precise conceptual understanding of what takes place during mathematical problem solving and what characteristics exist in mathematical problem solving. The application of this data is contingent upon how future researchers decide to apply it. One such application is identifying tasks that may be used to research significant by-products of mathematical problem solving. For instance, the investigation of affect during mathematical problem solving is a worthwhile endeavor. 
*The author would like to thank Dr. Kathleen Cramer, University of Minnesota, and Dr. Bob Kansky, University of Wyoming, for reviewing the manuscript. 
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